Abstract. For each weight functions ω, ω 0 , we prove that the Toeplitz operator (i. e. localization operator) Tp(ω) is a bijective map from M p,q (ω0) to M p,q (ω0/ω) .
Introduction
In this paper we establish invariance properties for modulation spaces under actions of Toeplitz operators (i. e. localization operators) and pseudo-differential operators. Especially we show that the Toeplitz operator Tp ϕ (ω), with the weight function ω as symbol and window function ϕ in appropriate modulation spaces, is continuous and bijective from the modulation space M p,q (ω 0 ) to M p,q (ω 0 /ω) . Furthermore, if in addition ω is smooth and satisfies an ellipticity conditions, then we prove that similar bijectivity properties are valid for more general modulation spaces.
In particular we generalize in several ways the corresponding results in [4] . In fact, the same type of bijectivity is proved in [4] , under the stronger assumptions that the weight ω here above should be smooth and strictly hypoelliptic, and that the involved window functions should be Schwartz functions. The hypoellipticity condition is combined with a convenient expansion of the Toeplitz operators to approximate these operators with corresponding pseudo-differential operators, and for proving that these operators are Fredholm operators with index 0. (See also [8] for convenient expansions of Toeplitz operators.) From these expansions it also follows that the Toeplitz operators are injective, and then they have to be bijective, since the index is equal to 0.
In this paper we use other methods. More precisely, we start to prove that the (Hilbert) modulation space M 2,2 (ω) agrees with the Sobolev space H(ω, g) of Bony-Chemin type, when g is the constant euclidean metric on the phase space. This makes it possible to apply the whole mashinery in [5] on modulation spaces of Hilbert type, and using this in combination with the Wiener properties for appropriate symbol classes and modulation space (cf. [20, 21, 28] ), we obtain the following principle: Since our results cover the corresponding results in [4] , we obtain a similar reformulation for a class of Sobolev type spaces, which are particular cases of modulation spaces. This permits to clarify a few aspects of the interplay between modulation spaces, Toeplitz operators and Sobolev spaces, as well as known results about the Sobolev spaces of Shubin type.
Finally we remark that our results may be used in time-frequency analysis since modulation spaces are important here.
In order to be more specific, let ϕ ∈ S (R d ) \ 0 be fixed. Then the short-time Fourier transform (STFT) of f ∈ S (R n ) with respect to the window function ϕ is defined as Here ϕ x,ξ (y) = ϕ(y − x)e i y,ξ , and ( · , · ) denotes the scalar product on
The definition of V ϕ extends to a continuous map from (with obvious modifications when p = ∞ or q = ∞). Here ω is an appropriate weight function. (Cf. [19] .) If ω = 1, then the classical modulation space M p,q is obtained. (We refer to [15] for an updated definition of modulation spaces.)
A common question deals with finding alternative characterizations for modulation spaces. For example, it follows from the papers [2, 3] that if ω(x, ξ) = (1 + |x| 2 + |ξ| 2 ) s/2 , then M 
This identification property is extended in [4] , where it is proved that for certain hypoelliptic functions ω, then f ∈ M p,q (ω) if and only if Tp ϕ (ω)f ∈ M p,q . In particular, for such ω it follows that M 2,2
coincides with the generalized Sobolev-Shubin space Q (ω) (R d ), which consists of all f ∈ S ′ (R d ) such that (0.3) holds. In Section 3 we improve this result, and prove that for arbitrary ω and ω 0 (without any hypoelliptic assumptions on the weights) and with ϕ belonging to appropriate modulation spaces, then Tp
if and only if f ∈ M p,q (ω 0 ω) . Furthermore, if in addition ω is smooth, then we prove that the same type of equivalence holds for a broader class of modulation spaces.
Preliminaries
In this section we recall some notations and discuss some basic results. Some of these results are well-known, and the proofs are then in general omitted.
We start by discussing short-time Fourier transforms (STFT), defined by (0.1) when ϕ ∈ S (R d ) \ 0 and f ∈ S (R d ). We note that V ϕ f is equal to F 2 (U(f ⊗ ϕ)), where U is the map F (x, y) → F (y, y − x) and F 2 is the partial Fourier transform of F (x, y) with respect to the y-variable. Here the Fourier transform F is the linear and continuous map on S ′ (R d ), which takes the form
The operators U and F 2 are homeomorphisms on S (R 2d ), which are uniquely extendable to homeomorphisms on S ′ (R 2d ) and to unitary operators on
The latter equality is called Moyal's identity. Short-time Fourier transforms are similar to Wigner distribution, which are we shall discuss now. Assume that f, g ∈ S ′ (R d ). Then the Wigner distribution W f,g of f and g is defined by
By straight-forward computations it follows that
and
We also need to recall appropriate conditions for the involved weight functions.
for some constant C > 0 which is independent of x 1 , x 2 ∈ R d . If v in (1.1) can be chosen as a polynomial, then ω is called polynomial moderate. We let P(R d ) be the set of all polynomial moderate weight functions. Furthermore, we let
The general definition of modulation spaces are formulated in terms of translation invariant BF-spaces, which are defined in the following. (
(2) if x ∈ R d and f ∈ B, then τ x f ∈ B, and
loc (R d ) satisfy g ∈ B and |f | ≤ |g|, then f ∈ B and
Here the condition (3) in Definition 1.1 means that a translation invariant BF-space is a solid BF-space in the sense of (A.3) in [14] . It follows from this condition that if f ∈ B and h ∈ L ∞ , then f · h ∈ B, and 
We note that it is no restriction to assume that ω and v in Definitions 1.1 and 1.3 belong to P 0 , since there is an element ω 0 ∈ P 0 (R 2d ) such that C −1 ω 0 ≤ ω ≤ Cω 0 , for some constant C > 0, and similarily for v. (Cf. [31] .) This leads to M (ω) (B) = M (ω 0 ) (B) with equivalent norms.
Assume that
respectively (with obvious modifications when p = ∞ or q = ∞). Important classes of modulation spaces are
(See also (0.2).) For conveniency we use the notation M
. In the following proposition we list some well-known properties of modulation spaces. We omit the proof since the result can be found in [19] . Proposition 1.4. Assume that p, q, p j , q j ∈ [1, ∞] for j = 1, 2, and ω, ω 1 , ω 2 , v ∈ P(R 2d ) are such that v =v, ω is v-moderate and ω 2 ≤ Cω 1 for some constant C > 0. Also assume that B is a translation invariant BF-space with respect to v. Then the following is true: 
Similar facts hold if the
, and that ω, v ∈ P(R 2d ) are such that v =v and ω is v-moderate and
give rise to equivalent norms. A similar property holds for the space W ≤ C for every a ∈ A , means that the inequality holds for some choice of ϕ ∈ M r (v) \ 0 and every a ∈ A . Evidently, a similar inequality is true for any other choice of ϕ ∈ M r (v) \ 0, with a suitable constant, larger than C if necessary.
In the following remark we list some other properties for modulation spaces.
Here and in what follows we let x = (1+|x|
and that ω, v ∈ P(R 2d ) are such that ω is v-moderate. Then the following is true:
(
Here
is the set of all measures on R d with bounded mass, then
(5) for each x, ξ ∈ R d and modulation space norm · we have
for some constant C which is independent of f ∈ S ′ (R d );
(See e. g. [11, 12, 16, 17, 19, [31] [32] [33] [34] .)
We also need the following result concerning convolutions of distributions in modulation spaces. (Cf. e. g. [16, 17, 32] for the proof.) Here the involved Lebesgue parameters and weight functions should satisfy 1
, and
. Then the following is true:
(1) if (1.5) holds for some constant C which is independent of
and from W
(2) if (1.6) holds for some constant C which is independent of
We remark that S in Proposition 1.7 might neither be dense in M
. In this case we define the convolutions and multiplications of modulation spaces in Poposition 1.7 in the same way as in [32] .
We shall now discuss Toeplitz operators. Assume that a ∈ S (R 2d ), ϕ ∈ S (R d ). Then the Toeplitz operator Tp ϕ (a), with symbol a, and window function ϕ, is defined by the formula
, and extends to a continuous map from
. By using appropriate estimates on the short-time Fourier transforms in (1.7), the definition of Toeplitz operators extends to different situations. For example, the following propositions are needed later on. We omit the proofs since the first result follows from [7, Corollary 4.2] and its proof, and the second result is a special case of [37, Theorem 3.1] . Here we use the notation L(V 1 , V 2 ) for the set of linear and continuous mappings from the topological vector space V 1 into the topological vector space V 2 . We also let
be are such thatv j = v j , ω 0 is v 0 -moderate and ω is v 1 -moderate. Also let ω 0,t be as in (1.8) . Then the following is true:
for some constant C.
There are also other possibilities to extend the definition of Toeplitz operators, e. g. by using pseudo-differential calculus, which we shall describe now. Assume that a ∈ S (R 2d ), and that t ∈ R is fixed. Then the pseudo-differential operator Op t (a) is the linear and continuous operator on S (R d ), defined by the formula
For general a ∈ S ′ (R 2d ), the pseudo-differential operator Op t (a) is defined as the continuous operator from
. This definition makes sense, since the mappings F 2 and F (x, y) → F ((1 − t)x + ty, y − x) are homeomorphisms on S ′ (R 2d ). Furthermore, Schwartz kernel theorem gives that the map a → Op t (a) is a bijection from
Here and in what follows we let L(V 1 , V 2 ) be the set of all linear and continuous operators from the topological vector space V 1 to the topological vector space V 2 . We recall that if t = 0, then Op t (a) is equal to the normal (or Kohn-Nirenberg) representation Op(a) = a(x, D), and if t = 1/2, then Op t (a) is the Weyl operator Op w (a) = a w (x, D) of a. We recall that for s, t ∈ R and a, b ∈ S ′ (R 2d ), we have
(Note here that the right-hand side makes sense, since e i(t−s) Dx,D ξ on the Fourier transform side is a multiplication by the bounded function e i(t−s) x,ξ .) Assume that r, ρ, δ ∈ R satisfy 0 ≤ δ ≤ ρ ≤ 1 and δ < 1. Then important symbol classes in the calculus are of the form
for some constants C α,β , which only depend on the multi-indices α and β (cf. e. g. [25] ). We note that S 0 0,0 (R 2d ) consists of all smooth a on R 2d which are bounded together with all its derivatives. Later on we also need to consider weighted versions of S 0 0,0 . More precisely, assume that
. We also recall that in [24, 25] , Hörmander introduced a broad family of symbol classes with smooth symbols, containing S r ρ,δ and S (ω) . Here each symbol class S(ω, g) is parameterized by an appropriate weight function ω and an appropriate Riemannian metric g on the phase space. If a ∈ S(ω, g), then Hörmander proved several important properties for the operator Op w (a), e. g. Op w (a) is continuous on S and on S ′ . Furthermore, if in addition ω is bounded then he proves that Op w (a) is continuous on L 2 . The theory was extended and improved in several ways by Bony, Chemin and Lerner (cf. e. g. [5, 6] ). Especially we recall that in [5] , Bony and Chemin introduce a family of Hilbert spaces of Sobolev type, where each space H(ω, g) depends on the weight ω and metric g. These spaces fits the calculus well because for each appropriate ω and ω 0 and each a ∈ S(ω, g), then Op w (a) is continuous from H(ω 0 , g) to H(ω 0 /ω, g).
Furthermore, they proved that for each appropriate ω, there are a ∈ S(ω, g) and b ∈ S(1/ω, g) such that
the identity operator on S ′ (R d ). Since the case when g is the standard euclidean metric on R 2d is especially important to us, it is convenient to use the notation H(ω) instead of H(ω, g) in this case.
Our discussions also involve pseudo-differential operators with symbols in modulation spaces. Especially we need the following weighted version of [19, Theorem 14.5.2] . We refer to [34] for the proof. Proposition 1.10. Assume that t ∈ R and p, q ∈ [1, ∞]. Also assume that ω ∈ P(R 2d ⊕ R 2d ) and ω 1 , ω 2 ∈ P(R 2d ) satisfy
Remark 1.11. Assume that v ∈ P(R 4d ) is submultiplicative and satis- 
Here the term u ϕ is interesting in terms of spectral theory, since a Weyl operator is a rank one operator, if and only if its symbol is a Wigner distribution. More precisely, if
Our analysis of Toeplitz operators are, in the remaining part of the paper, based on the pseudo-differential operator representation, given by (1.12). Furthermore, any extension of the definition of Toeplitz operators to cases which are not covered by Propositions 1.8 and 1.9 are based on this representation. Here we remark that this leads to situations were certain mapping properties for the pseudo-differential operator representation make sense, while similar interpretations are difficult or impossible to make in the framework of (1.7) (see Remark 3.6 in Section 3). We refer to [34] or Section 3 for extensions of Toeplitz operators in context of pseudo-differential operators. Remark 1.12. The Weyl symbol in (1.12) can be interpreted as a superposition of Weyl operators with symbols of the form
Here we note that for each Y fixed, then Op w (a(Y )W ϕ,ϕ ( · − Y )) is a rank-one operator in view of (1.13), since
Identifications of modulation spaces
In this section we show that for each ω and B, there are canonical ways to identify the modulation space M (ω) (B) with M(B), by means of convenient bijections. As a first step we prove that modulation spaces of Hilbert types agree with certain types of Bony-Chemin spaces (cf. Section 1).
We start by recalling the definition of the latter spaces when the involved metric is the standard euclidean metric. Therefore let g be the standard euclidean metric on
is finite.
Remark 2.1. For general permitted metrics g, the definition of H(ω, g) and its norm is more complicated (cf. [5, Section 5] for strict definition). For example, the formula (5.1) in [5] which define such norm involve a sum of expressions, similar to the right-hand side of (2.1). However, when g is the usual euclidean metric on R 2d , then the functions ϕ Y , ψ Y,ν and θ Y,ν in [5, Definition 5.1] can be chosen in the following way.
Let 0 ≤ θ ∈ C ∞ 0 (R 2d ) \ 0 be even and supported in the ball with center at origin and radius 1/4. Then it follows that ϕ = θ * σ θ * σ θ ∈ C ∞ 0 (R 2d ) \ 0 is even and non-negative. Here * σ is the twisted convolution, defined by the formula
Now let ϕ = c ϕ, where c > 0 is chosen such that ϕ L 1 = 1. From Lemma 1.5 and Proposition 1.6 in [30] we have
By letting
it follows that all the required properties in [5, Definition 5.1] are fulfilled. Consequently, (2.1) defines a norm for H(ω).
We note that S (ω) (R 2d ) = S(ω, g) when g is the standard (constant) euclidean metric on R 2d . In this case it follows that the required conditions on ω ∈ L ∞ loc (R 2d ) in [24, 25] to be g-continuous and (σ, g)-temperate, is equivalent to ω ∈ P(R 2d ). The following result is obtained together with Karoline Johansson.
We need some preparations for the proof and start to recall some facts about trace-class operators. Assume that T is a linear and continuous operator on
where the supremum is taken over all orthonormal sequences (f j ) and 
, and some sequence (λ j ) of non-negative decreasing real numbers, one has
, and if in addition a ∈ S (R 2d ), then f j and g j in (1) can be chosen to belong to S (R d ) for each j.
We also need the following lemma. Since it is difficult to find a proof in the literature, we give a direct proof of the result.
Proof. We only prove the result for d 1 = d and d 2 = 0. The general case follows by similar arguments and is left for the reader. From the assumptions it follows that for each integer j ≥ 1, the complement of
is compact, and increases with respect to j. Let R 0 = −1 and
and let (ϕ j )
ϕ j (r) = 1 when r ≥ 0.
The result now follows if we let
.
Proof of Proposition 2.2. Let ψ ∈ C
∞ 0 (R 2d ) \ 0 be the same as in (2.1), and let G(x, z) = (F 2 ψ)((x + z)/2, z − x), which belongs to S (R 2d ). By Lemma 2.4 we may choose v ∈ P(R 2d ),
In the second equality we have taken z − y, ξ − η, x − y and Y as new variables of integrations. Since the inner integral on the right-hand side is the Fourier transform of the product G 1 (x, z) · ϕ(z)f (z + y) with respect to the z variable, we obtain
, for some constants C 1 and
. In order to prove the opposite inclusion, we note that if a in Lemma 2.3 is equal to ψ and Y = (y, η), then (1.14) gives
where f j,Y (x) = e i x,η f j (x − y) and g j,Y (x) = e i x,η g j (x − y). Since (f j,Y ) and (g j,Y ) are orthonormal sequences for each fixed Y ∈ R 2d , Bessel's inequality gives
where ϕ = g 1 /λ 1 ∈ S . Furthermore, by (1.13) we get
A combination of these estimates gives
, and the proof is complete.
We may now prove the following result.
Proposition 2.5. Assume that ω ∈ P(R 2d ) and t ∈ R. Then the following is true:
, for each ω 2 ∈ P(R 2d ) and translation invariant BF-space B.
Furthermore, by Theorem 18.5.10 in [25] it follows that a ∈ S (ω) (R 2d ), if and only if b ∈ S (ω) (R 2d ). Hence it is no restriction to assume that t = 1/2.
The assertion (1) is now an immediate consequence of Theorem 18.6.2 in [25] and Theorem 2.2 in [35] . By Corollary 7.5 in [5] and Proposition 2.2, there are a ∈ S (ω) (R 2d ) and
. A combination of this facts and (1) gives (2). (3) By (2), we may find
such that the following properties hold:
• Op w (a j ) and Op w (b j ) are inverses to each others on S ′ (R d ) for j = 1, 2;
• for each ω 2 ∈ P(R 2d ) and translation invariant BF-space B, the mappings Op
are homeomorphisms. In particular, Op 
is a homeomorphism from M (ω 2 ) (B) to M (ω 2 /ω) (B), for each ω 2 ∈ P(R 2d ) and translation invariant BF-space B. The proof is complete.
Mapping properties for localization operators
In this section we prove bijection properties on modulation spaces for Toeplitz operators with symbols in P. Here the first stated results involve Toeplitz operators which are well-defined in the sense of (1.7) and Propositions 1.8 and 1.9. Thereafter we state and prove more general results which involve Toeplitz operators which are defined in the framework of pseudo-differential calculus.
We start with the following results. In the first one we restricts ourself to Toeplitz operators with smooth symbols.
In the next result we relax our restrictions on the weights but impose more restrictions on the modulation spaces.
and assume that
Before the proofs of Theorems 3.1 and 3.2 we have the following consequence of Theorem 3.2 which originally was the main goal of our investigations.
The result now follows by letting t = 1, r 0 = 1 and q 0 = 1 in Theorem 3.2.
In the proofs of Theorems 3.1 and 3.2 we consider Toeplitz operators as pseudo-differential operators. Later on we also present extensions of these theorems for those readers who accept to use pseudo-differential calculus to extend the definition of Toeplitz operators.
We need some preparations and start with the following lemma. Here we let L
then the following is true:
For the proof we recall that if ω and v are the same as in Lemma 3.4, and
defines a norm which is equivalent to any norm in M (1) is an immediate consequence of [37, Theorem 3.1] . For the proof of (2) we first observe that
We claim that
and the first equality in (3.1) give
|.
The first inequality in (3.2) now follows by taking the supremum over all such g, and the second inequality is an immediate consequence of Proposition 1.4 (3) and (3. We will also need the following generalization of of Proposition 1.8. Here we let
be such thatv j = v j , ω 0 is v 0 -moderate and ω is v 1 -moderate. Also let ω 0,t and T ω 0 be as in (1.8) and (3.3) . Then the following is true:
, and Tp ϕ (a) extends uniquely to a
Proof. By straight-forward computations we get
This gives
The result now follows by letting r j = s j = r 0 , p = p 0 = ∞, q = s 0 and q 0 = 1 in [34, Proposition 2.1].
In the remaining part of the paper we consider the extentions of Tp ϕ (a) provided by Proposition 1.8 ′ as Toeplitz operators. (See also Remark 3.6 below for more comments.)
We have now the following proposition, where we restrict ourself to ω in the class P 0 (R 2d ).
Proposition 3.5. Assume that ω ∈ P 0 (R 2d ) and v ∈ P(R 2d ) are such that v =v and
For the proof we recall that
Proof of Proposition 3.5. By the kernel theorem of Schwartz it follows that Tp ϕ (ω) = Op w (a) for some a ∈ S ′ (R 2d ). In order to prove that a ∈ S (ω) , we let ω N be as in (3.5) . For each N 0 ≥ 0, there are constants C and N such that
Now let κ j = 1 and κ(y, η) = y, η −N . Then Proposition 2.1 in [34] and the fact that ω ∈ S (ω) ⊆ M ∞,1
(1/ω N 0 ) . Since N 0 was arbitrary chosen, it follows from (3.5) that a ∈ S (ω) , which proves the result. with normalization ϕ L 2 = 1 and the symbol ω ≡ 1. Then the corresponding Toeplitz operator Tp ϕ (ω) is the identity operator. This is nothing but the inversion formula for the short-time Fourier transform. Clearly the identity operator is an isomorphism on every space. However, the Toeplitz operator in (
. In Theorems 3.1 ′ and 3.2 ′ below, we have extended the definition of Toeplitz operators in the framework of pseudo-differential calculus. Especially we here interprete Toeplitz operators as pseudo-differential operators, and as such operators, the stated mapping properties are well-defined.
The reader, who is not interested or does not accept Toeplitz operators which are not defined in the classical way, i. e. not defined by (1.7) and straight-forward extensions of the L 2 -form on S , may only consider the case when the windows belong to M Theorems 3.1 ′ and 3.2 ′ below, one should then interprete the involved operators as "pseudo-differential operators that extends Toeplitz operators".
The following generalization of Theorem 3.1 is an immediate consequence of Propositions 2.5 and 3.5.
Next we show that we may relax the conditions on the weight function ω 0 in Theorem 3.1, by using Wiener property under the Weyl product for M ∞,1 [21] ). On the other hand, we need to restrict the continuity for the Toeplitz operators to modulation spaces of the form M p,q (ω) . for some positive constants C and N which are independent of X, Y ∈ R 2d .
In fact, by straight-forward computations we get for some constants C 1 , C 2 , N 1 and N. This proves (3.6).
We also have . Now we choose a ∈ S (1/ϑ) (R 2d ) and c ∈ S (ϑ) (R 2d ) such that the map
is bijective with inverse Op w (c). Then Op w (a) is bijective also from M 
